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Abstract. — We establish Manin's conjecture for a quartic del Pezzo surface split 
over Q and having a singularity of type A3 and containing exactly four lines. It is 
the first example of split singular quartic del Pezzo surface whose universal torsor is 
not a hypersurface for which Manin's conjecture is proved. 
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1. Introduction 

Manin's conjecture (sec FMT89]) gives a precise description of the distribution 
of rational points of bounded height on singular del Pezzo surfaces. More precisely, 
let V C P™ be such a surface defined over Q and anticanonically embedded and U be 
the open subset formed by deleting the lines from V. We set 

Nu,h(B) = #{xeUm,H(x)<B}, 

where H : P™(Q) — > R >0 is the exponential height defined by 

H(xq : . . . : x n ) = max{|xi|, < i < n}, 

for (xo, • • • , %n) £ Z n+1 satisfying the condition gcd(xo, . . . , x n ) = 1. If V denotes the 
minimal desingularization of V and p — p~ the rank of the Picard group of V , then 
it is expected that 

Num(B) = c ViH Blog(B)P- 1 (l+o(l)), 
where cv.h is a constant which is expected to follow Peyre's prediction |Pey95 . 
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We are only interested here in singular del Pezzo surfaces of degree four. Their 
classification is rather classical and can be found in the work of Coray and Tsfasman 
|CT88j . Up to isomorphism over Q, there are fifteen types of such surfaces and they 
are categorized by their extended Dynkin diagrams which are the diagrams describing 
the intersection behaviour of the negative curves on the minimal desingularizations 
(see |Der06bl Table 4]). Here is a quick overview of the available results concerning 
Manin's conjecture for singular quartic del Pezzo surfaces split over Q. The conjecture 
is already known to hold for nine surfaces of different types. Using harmonic analysis 
techniques on adelic groups and studying the height Zeta function 

Z V ,b{8) = E H ( X )~'> 

Batyrev and Tschinkel have proved it for toric varieties [BT98] (which covers the 
three types 4Ai, 2Ai + A2 and 2Ai + A3) and Chambert-Loir and Tschinkel have 
proved it for equivariant compactifications of vector groups CLT02J (which covers 
the type Dg). Note that for a certain surface of type D 5 , la Breteche and Browning 
have proved the conjecture independently BB07 . Finally, the conjecture has been 
obtained for five other surfaces, a surface of type D4 by Derenthal and Tschinkel 
|DT07j . a surface of type Ai + A3 by Derenthal |Der09j . a surface of type A4 
by Browning and Derenthal |BD09j and two surfaces of respective types 3Ai and 
Ai + A2 by the author [LB 10] . These proofs are very different from those using the 
fact that the varieties considered are equivariant compactifications of algebraic groups. 
They all use a lift to universal torsors. This consists in defining a bijection between 
the set of rational points to be counted on U and a certain set of integral points on an 
affinc variety of higher dimension (which is equal to eight for quartic surfaces). Note 
that Derenthal has determined the equations of the universal torsors for most of the 
singular quartic del Pezzo surfaces in his doctoral thesis [Der06a . This can also be 
achieved using only elementary techniques, see section [3] for an example. 

Our aim is to prove Manin's conjecture for another surface split over Q, having 
singularity type A3 and containing exactly four lines. This surface V C P 4 is defined 
as the intersection of the two following quadrics, 

XqXi — x\ = 0, 
(xq + xx + x 3 )x 3 - x 2 x A = 0. 

The lines on V are given by Xi = x 2 = x 3 = and x, = X2 = xo + x\ + x 3 = for 
i G {0, 1} and the unique singularity is (0 : : : : 1). We see that V is actually 
split over Q and thus, if V denotes the minimal desingularization of V, the Picard 
group of V has rank p — 6. Define the open subset U and the quantity Nu,h{B) as 
explained above. In section [21 we define a bijection between the set of the points to 
be counted on U and a certain set of integral points of an open subset of the affine 
variety embedded in A 10 ~ Spec (Q[?7i, . . . , 777, ax, a 2 , 04]) and defined by 

vlmvlm + vs a i - v& a 2 = o, 

mvivive + V7C12 - ?74a4 = 0. 

The universal torsor corresponding to our present problem actually has five equations 
and can be embedded in A 11 ~ Spec (Q[r]i, . . . , 777, a%, a 2 , 0:3, 0:4]) but we will neither 
use these three other equations nor the variable a 3 . Let us emphasize the fact that 
it is the first time that Manin's conjecture is proved for a split singular quartic del 
Pezzo surface whose universal torsor has several equations. This obstacle is overcome 
in section I5TT1 by turning the two equations into a single congruence in order to apply 
the usual techniques. Our result is the following. 
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Theorem 1. — As B tends to +oo ; we have the estimate 
N UM (B) = c v , H B\og{Bf (l + O ( — 

where cv^h agrees with Peyre's prediction. 

Since p = 6, this estimate proves that V satisfies Manin's conjecture. Let us note 
here that Derenthal has proved that V is not toric |Der06bl Proposition 12] and 
Derenthal and Loughran have proved that it is not an equivariant compactification 
of |DL10] , so theorem [T] does not follow from the general results [BT98 and 
|CLT02j . In view of this result, it only remains to deal with five types of split 
singular quartic del Pezzo surfaces among the list of fifteen. 

In the following section, we prove several lemmas about summations of arithmetic 
functions. The next two sections are respectively devoted to the calculations of the 
universal torsor and of Peyre's constant. Finally, the last section is dedicated to the 
proof of theorem [T] 

It is a great pleasure for the author to thank his supervisor Professor de la Breteche 
both for his encouragement and his advice during this work. 

This work has received the financial support of the ANR PEPR (Points Entiers 
Points Rationnels). 




2. Arithmetic functions 

We need to introduce the following collection of arithmetic functions, 

■w-n (>-;). *»=n(i-^i 

p | n p\n 

P#2 



p\n p\n 

p^2 



Pip - 2) 



We can note here that if n is odd then ip° (n)(p b (n) — f*(n) and if n is even then 
ip°(n)ip b (n) — 2ip*(n). Moreover, for a,b> 1, we define 



1pa,b( n ) 

and 

V4fcW = 

Finally, for 6 > 0, we set 



ip°(gcd(a,n)) 1 if gcd(n, b) = 1, 
otherwise, 



ip°(gcd{a,n)) 1 (p*(n)(p*(gcd(a,n)) 1 if gcd(n, b) = 1, 
otherwise. 



<T-s(n) = ^ k" 



k | n 

Lemma 1. — Let < 5 < 1 be fixed. We have the estimate 

J2^b{n) = 9(a,b)X + O s (o- S {ab)X s ) , 

n<X 

where 



^(gcd(o,6)) 
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Proof. — We start by calculating the Dirichlet convolution of ip a ,b with the Mobius 
function fi. We have 

d\n 
p"\\n 

Moreover ip a ,b(^) = 1 and for all v > 1, we have 

((l-l/fo-l))- 1 iff>|a,^2andf>|&, 

1 ifp^2,pta&, 

1 ifp = 2,2|6, 

^0 ifp|6. 



1pa,b (P V ) = 1pa,b{p) = < 



Thus, we easily obtain 



-1 



p-2' 



p| gcd(a,n) ,pf& J 

if n\ab and 2 { n or 2|6 and (V'o.fe * n)( n ) = otherwise. Writing ^Vb = (V'a.b * A*) * 1, 
we get 

n<X n<X d\n 

+ oo 



Let < 8 < 1 be fixed. Let us use the elementary estimate [t] = t + O (i 5 ) for 
t = X/d. Since \(ip a ,b * n)(n)\ < 1) we get 



+oo 



\- \(^a,b * fj)(d)\ 

2^ Js ^ v-6(ab), 



and we have thus proved that 



5>.,6(») = xg ( ^ b 7 )W +0(a-,(a6)^). 



n<X d=l 

Finally, a straigthforward calculation gives 



E 



(■>Pa, b* V)( d ) 
d 



= n -! n (W 



p|6 



p\a,p\b 
p#2 



P(P - 2) 



which concludes the proof. 

Lemma 2. — Let < 5 < 1 6e fixed. We have the estimate 

^< 6 (n) = *'(a,b)X + O s (a_ 5 (b)X s ), 



□ 



n<X 



where 



*'(o,6) = ¥>*(&) 



^(gcd(o,&)) pt( a &)' 
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Proof. — We proceed exactly as for the proof of lemma [TJ Let 

an) = n - n — V 

.Lip A. ±. p — 2 

p\n,p\ab p\ gcd(a.n) ,p\b 

P#2 p#2 

A calculation provides 

{/(n) if2fnor2|6, 

/(n)/2 if2|nand2| a &, 

otherwise. 

Now we see that |(^/ b * £t)(n)| ^ gcd(&, n)/n, which easily yields 

■-, * A 



— ^ « °"-«( 6 )- 

<i=l 



Another straightforward calculation gives 

d=l 

which completes the proof. □ 

Using partial summation and the estimates of lemmas [T] and [2] as in the proof of 
[LB101 Lemma 6], we see that we have the following result. 

Lemma 3. — Let < 8 < 1 be fixed. Let < t\ < t% and I = [tijia]. Let also 
g : R>o — > M be a function having a piecewise continuous derivative on I whose sign 
changes at most R g (I) times on I. We have 

53 ^a,b{n)g{n) = *(o, b) f g{t)dt + O s {a_s(ab)l&Mi{g)) , 

nGln2, >0 1 

and 

53 <i(n)$(n) = *'(a,b) f g(t)dt + O s (o-_ ff (6)^M z (ff)) , 
ne/nz >0 1 

where Mi(g) = (1 + R g (I)) sup tG/nR>0 \g(t)\. 

We also have the following estimation. 
Lemma 4- — With the same notations, if 2 \ b then 

53 ^ a<b (n)g(n) = ~¥(a,&) f g(t)dt + O s (a- S (ab)4Mi{g)) . 

n£lnZ >0 1 
n=0 (mod 2) 

In a similar way, if 2\a and 2\b then 

53 ^Mg{n) = f g^dt + Osio-sib^Mjig)). 

n=Q (mod 2) 
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Proof. — Let us prove the statement for ip a ,b, it suffices to notice that 

+00 

Y ^a,b(n) = J2(^a,b Y 1 

n<X d=l k<X/d 

n=0 (mod 2) k=Q (mod 2) 

+ 00 

d=l k<X/d 
d=0 (mod 2) fe = x ( mod 2) 

and (4>a,b * (J-)(d) = for all d = (mod 2) since 2 { b and therefore 

n=0 (mod 2) 

We can conclude exactly as in the proof of lemma Q] and finally, as for lemma [31 use 
partial summation to complete the proof. The proof for tp' a b is strictly identical, it 
only uses the fact that (tp' a b * fi)(d) = for all d = (mod 2) since 2\a and 2 \ b. □ 



3. The universal torsor 

We now proceed to define a bijection between the set of rational points we want 
to count on U and a certain set of integral points on the affine variety defined in the 
introduction. As explained in the introduction, the universal torsor of our problem 
is an open subset of an affine variety of dimension 8 embedded in A 11 . It has five 
equations but we will only deal with ten of the eleven variables and will only make use 
of two equations among these five. Our choice of notation might be surprising but it is 
guided by our wish to adopt the notation used by Derenthal in [Der06al Chapter 6] . 
Note that if (xq : X\ : X2 ■ x 3 : Xi) € V(Q) then we have {xq : x\ : X2 ■ x 3 : £4) € U(Q) 
if and only if x@x±X2X 3 ^ 0. Let (xq, xi, £2, x 3 , X4) £ Z^ x Z be such that 

XqXi — x\ — 0, 

(x + Xi+ X 3 )x 3 - X2X4 = 0, 

and max{|xj|,0 < i < 4} < B and gcd(a;o, Xi, x%, x 3 , X4) — 1. Since x = x in P 4 , 
we can assume that xq > 0, which implies x\ > 0. Moreover, the symmetry given 
by (#2, Xi) 1 — ^ (— X2,— Xi) shows that we can also assume that X2 > keeping in 
mind that we need to multiply our future result by 2. The first equation shows that 
there is a unique way to write xq = Uoix'q, x\ — yoix'^ and X2 = yoix'^x^ f° r some 
£q, 2^,2/01 > such that gcd(x' 0l x[) — 1. The second equation therefore gives 

(uoix'q + ymxf + x 3 ) x 3 ~ yoiXyX^Xi = 0. 

We define y' m = gcd(y i, £3) > and write y i = y' 01 7]2 and x 3 = y' 01 x' 3 with rj 2 > 
and gcd^,^) = 1. We obtain 

/ 12 1 12 1 / \ / / 11 n 

[n2X + m^l + %3 ) V01 X 3 - V2X X 1 Xi = 0, 

and thus f]2\y' 01 x 3 and it follows 772(2/01 si nce S c ^(V2,x 3 ) — I. We can therefore write 
y'01 = 772 J/01 f° r some 2/01 > 0. The equation becomes 

(mx'o + m x 'i + x ' 3 ) y'aix 3 - x'qx'^4 = o. 

We now see that gcd(xo, x%,X2, x 3 , Xi) = 1 implies gcd(y ' 1 , X4) = 1 and thus y' 'i\x x' 1 
and x' , x[ being coprime, we can write y' \ = 771773, x' a — rj 3 x' ' and x[ = r\\x'[ for some 
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T)i,r]3,XQ, x'l > 0. Now we set x' 3 = a.ix'1, X4 = 0104 with x' 3 ' > and gcd(x 3 ' , 04) = 1 
(we do not prescribe the sign of a.\ = ± gcd(x' 3 , X4)). We finally get 

faix'o 2 + Wlx'l 2 + ai4') x 'i ~ x'ox'i^i = 0. 

We observe that since gcd(cc3, 014) = 1, we have x 3 \x'qx" and we can write x 3 — 775777, 
x o = VsVe and x '( — "H^Vli f° r some 774, 775 , 776 , 777 > 0. We have finally obtained 

2 3 2 2 
3 2 2 2 

xt = 77^2 773 ?7 4 77 7 , 

x 2 = '7l»7|f73 7 74775»76^7, 

x 3 = 77177277377577701, 
£4 — 0104, 

and the equation is 

mvhlvl + vlv2vlv7 + - mvecm = o. 

Furthermore, it is easy to see that the coprimality conditions can be summed up by 

(3.1) gcd(773?75?7 6 , 771774777) = 1, 

(3.2) gcd(77 5 ?77, 7720:4) = 1, 

(3.3) gcd(77i77 2 773,a-ia4) = 1. 

Since 776 and 777 are coprime, we see that the equation is equivalent to the existence 
of oli G Z such that 

(3.4) nlmnlm + V5&i - m&2 = o, 

(3.5) mvlvlva + V7 a 2 - 77404 = 0. 

In a similar way, since 774 and 775 are coprime, we can derive the existence of 03 G Z 
such that 

V2V3V5V6 + ~ = 0, 

?7l??2774777 + 77503 - 77 6 04 = 0, 

vlvlvlvi'nbmm + - a 2 o 3 = o. 

As explained above, we will not use these three equations. We define T(B) as the set 
of (771, 772, 773, 774, 775, 776, 777, a%, o 2 , 04) £ Z> x Z 3 satisfying the coprimality conditions 
(|3.ip . (|3.2p . (|3.3p . the two equations (|3.4p and (|3.5p and finally the height conditions 



(3.6) nivlnhhl < b, 

(3.7) 4vh3VlV7 < b, 

(3.8) 771772773775777 |oi I < B, 

(3.9) |oio 4 | < B. 

We have proved the following lemma. 

Lemma 5. — We have the equality 

N UtH (B) = 2#T(B). 
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4. Calculation of Peyre's constant 

We calculate the value of the constant cv,h predicted by Peyre. It is defined by 

c V ,h = a{V)/3{V)L0 H (V), 

where a(V) £ Q is the volume of a certain polytope in the dual of the effective cone 
of V with respect to the intersection form, f3(V) = #i/ 1 (Gal(Q/Q), RcJV)) = f 
since V is split over Q and finally 

where a>oo and uj p are respectively the archimedean and p-adic densities. The work of 
Derenthal |Der07) provides the value 

a ^ = isW 

Furthermore, using [LoulOl Lemma 2.3], we get 

1 6 1 

LOp = 1 H h —r. 

To calculate Woo, we set fi(x) — x$x\ — x\, f-xix) = (xo + X\ + x^)x3 — X2X4 and we 
parametrize the points of V by Xq, X2 and X3. We have 



(dh 
1 dxi 


dh_\ 




x 





dh 
\ dxx 


dh 
dx^ I 




X3 


-X 2 



= -XqX 2 - 

Moreover, x\ = x\(x§ and X4 — (xq + x\ + xqXz)x%/ (xqx 2 )- Since x = x in P 4 , we 
have 

Uoo = 2 / / / dspd*,^ 

J J J XQ,X2>Q,xo,x^/x ,\x 3 \,\x^ ) +x^+x X' i \\x 3 \/x X2<l X X 2 

Define the function 

(4.1) h : (u 2 ,t 7 ,t 6 ) 1-4 max{t 6 ,t 7 ,t 7 |i 7 - t 6 u 2 \, \t 7 - t 6 u 2 \\t 6 + t 7 u 2 \}. 

The change of variables given by xq = tg, X2 = t^t-j and x% = —£7(^7 — £6 U 2 ) yields 

(4.2) = 4 / / / du 2 dt7dt 6 - 

J J Jt e ,tT>0,h( u 2,t7,te)<l 



5. Proof of the main theorem 

5.1. First steps of the proof. — The idea of the proof is to see the equations 
(13. 4|) and (|3.5[) as congruences respectively modulo 775 and 774 and then to count the 
number of a 2 satisfying these two congruences. In order to do so, we replace the 
height conditions (|3.8|) and (|3.9|) by 

mmmm \vimvlm - f 760 2 | < B, 

Va 1 ^ 1 \ViV2vlv7 ~ %o 2 | \v2V3V5V6 + V7& 2 \ < B, 
and we carry on denoting them the same way. We note that the equation (|3.4p proves 
that we necessarily have gcd(?7i?72, 77502) = 1 since we also have gcd(?7i?72, 77501) = 1. 
Exactly the same way we get gcd(o 2 , 773775) = 1 thanks to the equation 113.50 
and gcd(?73?75, 77404) = 1. The equation (|3.5J) and gcd(?72, 77702) = 1 also imply 
gcd(?72,?74) = 1. This new coprimality condition together with the equation (|3.5J) 
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yield gcd(?74, 012) = 1 since we have gcd(?74, 772773775776) = 1- hi a similar way, we finally 
obtain gcd(ai, rj^rje) — 1, gcd^, r/j) = 1 and gcd(?75,?76) = 1. We can therefore 
rewrite the coprimality conditions (|3.ip , (13. 2J) . (|3.3p and all these new conditions as 

(5.1) gcd(ai,f7i?72?73f74»76) = 1, 

(5.2) gcd(a 4 , 77i7? 2 ?73?757?7) = 1, 

(5.3) gcd(a 2 ,mV2V3V4V5) = 1, 

(5.4) gcd(777, 7727?3?74%%) = 1, 

(5.5) gcd(77 6 , 77i?72?74%) = 1, 

(5.6) gcd(r?iry 4 , 773775) = 1, 
(5-7) gcd(?72, 774775) = 1. 

From now on, we set 77 = (771,772,773,774,775) e Z5, and 77' = (77,776,777) e Z^ . 
Consider that 77' 6 Z> is fixed and is subject to the height conditions (|3.6p . (|3.7p 
and to the coprimality conditions fSJJ, f5I)j) and ([577]) . Let N(rj',B) be the 

number of (ai, «2, 04) € Z satisfying the equations (|3.4|) . (|3.5|) . the height conditions 
(|3.8p and (|3.9p and finally the coprimality conditions (|5.1D . (|5.2p and (|5.3[) . For 
(n,ra,r3,r 4 ,r 5 ) € Q 5 , we define 

and we adopt the following notations in order to help in the understanding of the 
height conditions, 

A 2 = 

Y = Bl/2 

6 ^(1/2,1,3/2,0,1)' 

I7 



^(3/2,1,1/2,1,0) ' 



and recalling the definition (|4.ip of the function h, we can sum up the height conditions 
(£9 , (EZTJ, O and as 

We also introduce the real- valued functions 



5i : (*7,*e) / d7i 2 , 

Jh{u 2 ,t 7 ,U)<l 

92 ■■ (te;ri,B) i-» / gi(t 7 ,t 6 )dt 7 , 

Jt 7 Y 7 >\ 

93 ■ (v,B)=> / g 2 (t 6 ;r],B)dt 6 . 

Jt B Y 6 >l 



We obviously have 



(5.8) 53(i7,B) =11 du 2 dt 7 dt 6 . 

lt 6 Y 6 >l,t 7 Y 7 >lM(u 2 ,t 7 J. 6 )<l 



Lemma 6. — We /lave the bounds 

9i(t 7 , h) < t 6 1/2 t^ 1/2 , 
V 



g 2 (t 6 ; V ,B) < i 6 1/? 
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Proof. — Recall the definition (|4.ip of the function h. A little thought reveals that 
the condition |i 7 — £eW2 1 1^6 + t 7 u 2 \ < 1 implies that u 2 runs over a set whose measure 

1 i<2 i /2 

is <C t 6 t 7 which gives the first bound. The second bound is an immediate 
consequence of the first since £7 < 1. □ 

We have the following result. 

Lemma 7. — The following estimate holds 

ViV5 \Y 7 Y 6 J 
where 0(t]') is a certain arithmetic function given in (|5.9[) and 

J2R(V\B) « B\og(B) 2 . 
n' 

Let us remove the coprimality conditions (|5.1|) and (|5.2|) employing two Mobius 
inversions, we get 

N( V ',B) = ]T fi(ki) Kk4)S kuki , 

fci|m'?2i)3»)4»76 ki\r)irt2ll3ri5V7 

where, with the notations ot\ — kia[ and a 4 = kia' 4 , 

vlmvl'm + vskiu'i - = o 

Sk u k 4 = #{ (a'l, a 4 , a 2 ) G Z 3 , miil-qlriQ + r/ 7 a 2 - rj 4 k 4 a' 4 = 

iix^;. iixHi:. irrm. 

?7 6 a 2 = 77^77277^777 (mod fc^) 
# ^ a 2 G Z, 77702 = -m^lvlVQ ( m «d £4774) 

(329, (03), flEfl 

We note that we necessarily have gcd(fci,?76) = 1 since gcd(?76, 771772774777) = 1 and 
gcd(fci, 771772774) = 1 since gcd(?7i 772774, 77502) = 1. In a similar way, we also have 
gcd(Lt, 772773775777) = 1. In particular, we see that 776 and 777 are respectively invertible 
modulo fci?75 and ^4774. We therefore get 

N(rj',B) = J2 E Kh)S kxM , 

fei|?)3 k 4 \rii 
gcd(k 1 ,r) 1 r) 2 rj i r) f} ) = l gcd(fc 4 ,77 2 »;3»)5i77) = l 

and 

!"2 = r/6 1 Vimvl V7 ( mod ^1775) 
a 2 G Z, a 2 = —777" 1 m l ll l nl Ve ( m «d fc 4 ??4) 
(EHD, (EH), O 

Furthermore, fci?75 and /C4774 are coprime since 773775 and 771774 are coprime thus the 
Chinese remainder theorem gives 

_ J a 2 = a (mod k^r/^) 

for a certain integer a coprime to kik 4 r/ 4 r]5 since gcd(kik 4 r] 4 ri5, a 2 ) — 1. A Mobius 
inversion yields 



c (u\.u.i 1 fc 2«2 = a ( mod ^1^4774775) 1 

S fellfc4 = ^ M (fc 2 )#|a 2 GZ, ^ ^ ) 

&2| r 7i'72?)3»)4r/5 

V n(h \uL> c y " 2 = fc 2~ lfl ( mod kihrnvb) \ 
2^ MW|«2GA j>, 



fe2|r?l»?2')3 
gcd(/c 2 ,fcifc4r?4f)5)=l 
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since gcd(fcifc4?74?75, a) = 1. Using the elementary estimate 

#{nGZn[ti,t 2 ],n = a (mod?)} = 2 ~ 1 +0(1), 

and the change of variable 7_t 2 l— ^ ""2^2/^2, we get 

J , a' 2 = fc^^ (mod fcifc 4 ?74?75) \ _ ^2 (m Ve\ , nm 

We see that the main term of N(tj' , B) is equal to 
where 

fcl|i)3 k 4 \rj! k 2 \riiri2V3 

gcd(fci,?jiJ72?74')6)=l gcd(fe 4 ,»)2')3')5'?7) = l gcd(fe 2 ,fcl &4)74>75 )=1 

fcl|7)3 fed 

gcd(fci,r;2i;6) = l gcd(fe 4 ,772?;7) = l 

We have removed 771774 from the condition over fex and 773775 from the condition over 
&4 respectively because gcd(?73, 771774) = 1 and gcd (771, 773775) = 1. A straightforward 
calculation yields, for a, 6, c > 1, 

y> A*(*0 = y?*(gcd(a,b)) y-r / 1_ 

/c|a p|a,pfoc 
gcd(fe,c)=l 

Therefore, we have obtained 

(5.9) 0(7,') = ^(77, 776) [] ( 1_ rJ^l)' 

Pl»7l.P+»?2'74»?7 

where #1(77, ?7 6 ) denotes 

./ ^* (gcd (771, 774)) y*(gcd(?73,775)) -i-r / 1 



In addition, we see that the overall contribution of the error term is 

2 W ('73)2 W ('? 1 )2 W ('? 17 ? 2 ' 73 ) <c 2"^' 3 ^ ) 2 cj( ' ? ' 1 - ) 2" ( -' )lT ' 2? ' 3 - ) yel7 

Eow(?j3)2 u '( , ;i)2' i '( ? ' 1 '' 2? ' 3 ) 
71(2,2,2,1,1) 

« 51og(5) 2 , 

where we have summed over 776 and 777 using respectively the height conditions (|3.6J) 
and (|3.7p . This completes the proof of lemma [7] 



12 



PIERRE LE BOUDEC 



5.2. Summation over 777. — To carry out the summations over 777 and rjQ, we let 
(5.10) V - {T7GZ 5 >0 ,y 6 > l,Y 7 > 1}, 

and we assume that 77 S V is fixed and is subject to the coprimality conditions (|5.6[) 
and (|5.7J) . Our next task is to sum over 777, that is why we have isolated 777 in 0(r/'). 
Let us define 

N = {(771,772,774) £ 2 1 77! or 2I772774}. 
It is plain to see that if (771, 772, 774) € J\f or 2 1 77^ then 

n i 1 -^) = n (1-^ 

and this product is equal to otherwise. Furthermore, since 772774 and 777 are coprime, 
we see that 

n (1-^-) = ^ . 

11 V P-!/ ^°(gcd(77i,772?74))^ (gcd(77i,?77)) 

p^2 

We need to treat two cases separately depending on whether (771,772,774) £ A/" or 
(771,772,774) ^ A/" (note that, in the latter case, the main term of N(r)',B) vanishes 
if 2 { 777). For fixed 776 satisfying the height condition (|3.6[) and the coprimality 
condition (|5.5|) . we call N(r], t/q, B) the sum of the main term of N(r]',B) over 777, 
777 being subject to the height condition (|3.7|) and to the coprimality condition (|5.4I) . 
We also use Ni(rj, tjq, B) and -^2(77, 776, B) to denote the sums over 777 respectively for 
(?7i, t?2, Vi) G A/" and (771, 772, 774) ^ A/". We now proceed to prove the following lemma. 

Lemma 8. — We have the estimate 

N{r,, m ,B) = ^g 2 (^- )V ,B)6[(i 1 )6 , 2 (r l ,r l6 ) + R( V ,r l6 ,B) > 
V4V5 \Y 6 J 

where 9'i{t]) and 6*2(77, ?7g) & re arithmetic functions defined in (|5.11|) and (|5.12p and 

Y,R(V-,m,B) « Blog(B) 4 . 

First, we estimate the contribution of Ni(rf,r)s,B). For this, we make use of the 
first estimate of lemma [3] to deduce that for any fixed < S < 1 , we have 

Ni(r],r]e,B) = ^— L g 2 V, B) 6*1(77, ?7 6 ) V f^- rr*(v7i, mmViVbVe) 

\Y 6 J ^ (gcd(77i, 773774)) 

+0 ( -^-Yj a^s{mmm , mv5V&) sup 91 ( *7, ^7- 

To estimate the overall contribution of this error term, we use the bound of lemma 
for <7i and we choose S — 1/4. The average order of cr_i/4 is 0(1) so we see that this 
contribution is 

A K l/V 3 / 4 A VV 3 / 4 

<y-i/4{mv2mmv5V6) 775— < 2^ ^M^i^w^s) 

< £ v-i/iivimmvs) ( i,i,i, ,D 

7)1, >72 ,»73,>75 

« Blog(i?) 4 , 
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where we have summed over rje and 774 using respectively the conditions p.6[) and 
Y7 > 1. Concerning the main term, we have 



^ b (gcd(?7i,?72?74))' 
and since (771, 772,774) 6 A/", we also have 

p°(gcd(7ji, 772*74)) ^ b (gcd(7yi, 773774)) <yj*(gcd(?7i, 773774))' 

These equalities and a short calculation prove that 

Olives) o! — ^(vi,mv3mv5m) 

<p° (gcd(77i, 773774)) 
can be rewritten as #i (77)^3(77, 775) for 

.<p*{nim) v*(gcd(773, 77 5 )) 



(5.11) ^(77) = yj* (771773773774775)^* (772773^74775) 



(5.12) ^(77,7 ?6) = y n v 

^ gcd 776,773 " y p _i 

We now turn to the estimation of -/V3 (77, 776 , 73) . We only need to sum on the even 777 
and so, given the coprimality condition (|5.4j) . 772773774775776 is odd and thus we can make 
use of the first estimate of lemma 21 The error term is the same as the previous one 
and, in the main term, there are exactly two differences with the case of Ni(tj, 776, 73). 
The first is the factor 1/2 and the second is the fact that here, since (771, 772, 774) ^ AT, 



y°(gcd(?7i, 773774)) (/5 b (gcd(77i, 773774)) y*(gcd(77i, 772774))' 

and thus we find exactly the same main term, which completes the proof of lemma [H] 

5.3. Summation over rje. — We now proceed to sum over 776. We set 

M = {(773,772,775) G Z* , 2 f 773 or 2I772775}. 
As for the summation over 777, it is clear that if (773,772,775) £ M. or 2 1 776 then 

n (1-^1) - n (>-^ 

and this product is equal to otherwise. Furthermore, since 772775 and 776 are coprime, 
we have 

n (1-^-) = £M 

, t \ P-lJ <P°(gcd(?73,772775)V (gcd(773,?76)) 

We need to treat two cases separately depending on whether (773,772,775) e M. or 
(?73) 7?2, 7/5) ^ M. (note that, in the latter case, the main term of N(r], t]q, 73) vanishes 
if 2 f 77 6 ). Let N(t7, 73) be the sum of the main term of N(tj,t]q, 73) over 776, 776 
satisfying the height condition (|3.6p and the coprimality condition (|5.5p and let also 
Ni(t7, 73) and N 2 (t7, 73) be the sums over 776 respectively for (773,772,775) £ M and 

(m, 772,775) i M. 
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Lemma 9. — We have the estimate 



N(rj,B) = C^ 1 (lm,!,!) 93(71, B)Q(V) + Rfa, B), 



where 



and 

]TR(t7,B) « Blog(B) 4 . 
n 

We first treat the contribution of Ni (77, B). For this, we make use of the second 
estimate of lemma [3] to deduce that for any fixed < S < 1 , we have 

Nxfa.iJ) = ^g 3 (i,5)9'iM „, 'f/^ — r^'(vs,mmmm) 

mV5 V°(gcd(ry 3 , 772»?5)) 

+0 ^ a-simmm^) sup # 2 »7, -S) 

V mvb t 6 Y 6 >i 

To estimate the overall contribution of the error term, we use the bound of lemma E] 
for g 2 and we choose 5 — 1/4. Since the average order of cr_i/ 4 is 0(1), we obtain 
that this contribution is 

< Blog(B) 4 , 

where we have summed over 775 using the condition Yq > 1. Let us turn to the main 
term. First, note that 

A 2 r 7 r 6 b 

In addition, we have 



mr]5 ,(1,1,1,1,1) ' 



^ b (gcd(r/ 3 , 773775)) fHvimmv^) ' 

and since (773, 772, ^5) £ -M, we also have 

y°fa) y^Qte) = y*M 

</?°(gcd (773, 773775)) ( / 3 b (gcd(773, 773775)) </?*(gcd(773, 773775))' 

An easy calculation finally yields 

^ or !f/ ??3) — ^*'(%,m^ 4 77 5 ) - C(2)- X e(^). 

^°(gcd(?73, 773775)) 

We now deal with the estimation of 1^2(77, B). We only need to sum on the even 
776 and so, given the coprimality condition (|5.5|) . 7717/2774775 is odd and moreover since 
(??3, V2, 775) ^ At, we have 2 1773 and thus we can make use of the second estimate of 
lemma 31 The error term is the same as the previous one and, in the main term, there 
are exactly two differences with the case of Ni(t7, B). The first is the factor 1/2 and 
the second is that here, since (773,772,775) ^ N, 



V5°(gcd(77 3 , 773775)) (^(gcd(?73, 772775)) ^*(gcd(77 3 , 772775))' 

and we finally obtain the same main term, which concludes the proof of lemma O 
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5.4. Conclusion. — The aim of the following lemma is to replace the conditions 
^6^6 > 1 an d t 7 Y 7 > 1 in the integral (|5.8|) defining 33 in the main term of N(?7, B) 
in lemma respectively by t§ > and t 7 > 0. For short, we introduce the notation 

D h = {{u 2 ,t 7l t 6 )eR 3 ,t 6 ,t 7 >0 1 h(u 2 ,t 7 ,t 6 )<l}. 
Lemma 10. — For Z§ : Z 7 > 0, we have 

(5.13) meas{(n 2 , t 7 ,t 6 ) E D h ,t 6 Z 6 < 1} < Z~ 1/2 , 

(5.14) meas{(u 2 ,t 7 ,t 6 ) eD h ,t 7 Z 7 <1} < Z 7 ~ 1/2 . 

Proof. — These two bounds follow from the bound of lemma [S] for g\ and the fact 
that h(u 2 ,t 7 ,tQ) < 1 implies te,t 7 < 1. □ 

Making use of the bound (|5.13p . we see that replacing the condition tgYfj > 1 in the 
integral defining 93 in the main term of N(r7, B) in lemma by the condition t§ > 
creates an error term whose overall contribution is 

y MY 7 Y^ 2 v B 

mn 5 ^ „(i,l,i,i,0) 
V rii,ri2,ri3,ri* 

« B\og{B)\ 

where we have summed over 775 using the condition Yq > 1. The bound (|5.14p shows 
that the same conclusion holds for the condition t 7 Y 7 > 1. Recalling the equality 
(|4.2p . we finally see that we can replace 33(77, £?) in the main term of N(rj,B) in 
lemma |H] by 

du 2 dt 7 di6 = — jp- 

Redefine as being equal to zero if the remaining coprimality conditions (|5.6p and 
(|5.7p are not satisfied. Using lemma we obtain the following result. 

Lemma 11. — We have the estimate 

NuMB) = Cm-^B^ J^H) +0(B\og(Br), 



2 



where V is defined in (|5.10p . 



Let us introduce the generalized Mobius function /x defined for (m, ... ,115) 6 Z> 
by fx(ni, . . . , 725) = /i(rti) • • • /i("-5). We set k = (fci, &2, fe, £4, £5) and we define, for 
seC such that R(s) > 1, 

1(6*^(77)1 



F( S ) = y 



n e 

V \keZ5.,. 



|(6*/i) (/ 1 ,/ 2 ,p fe3 ,p fe4 ,p fc5 )| 

pk 1 s tpk"2 s ipk^ s ipk^. s pk.^, s 



It is easy to see that if k ^ {0, l} 5 then (8*/a) (p kl , p k2 , p ks , p ki , p k5 ) = and moreover 
if exactly one of the fcj is equal to 1, then (6 * fi) (p kl , p k2 , p k:> , p k4 , p k5 ) <C 1/p, so 
the local factors F p of F satisfy 

F p (s) = l + o' ' 



pinin(5R(s) + l,2SR(s)) 
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This proves that F actually converges in the half-plane 3?(s) > 1/2, which implies 
that 9 satifies the assumption of [L B101 Lemma 8]. Applying this lemma, we get 



(9*m)(»i) 



ri 



where a is the volume of the polytope defined in R 5 by t%, *2, t$, *4, t§ > and 

h + 2t 2 + 3t 3 + 2t 5 < 1, 

3*i + 2* 2 + * 3 + 2U < 1. 

A computation using Franz's additional Maple package Fra09 provides a = 1/2160, 
that is to say 

(5.16) 

Moreover, 



= 2a(V). 



\- (9*/j)(t7) 

2^ „(i,i,i,i,i) 



n e 



n - e 



(9 * it) (p fcl , p fe2 , p k3 , p fc4 , p ks 

J)^'2 p&3 



9 (p k \p k *,p k \p ki ,p ks ] 

ipk\ ipk,^ iph^, 



The remaining coprimality conditions greatly simplify the calculation and we obtain 



E 



ke2 



9 (p kl ,p k2 ,p k3 ,p ki ,p k5 ) 

p&2 p&3 pfc5 



= 1- 



1 



1 - 



1 



6 1 
- + - 



which gives 
(5.17) 



\- (9*/a)(t7) 

2^ ^(1,1,1,1,1) 



We complete the proof of theorem [T] putting together the equalities (|5.15[) , (|5.16p , 
(j5TT7)l and lemma [TT1 
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